Numerical algorithms for simulations of a traffic model on road networks  by Bretti, G. et al.
Journal of Computational and Applied Mathematics 210 (2007) 71–77
www.elsevier.com/locate/cam
Numerical algorithms for simulations of a trafﬁc model on
road networks
G. Brettia,∗, R. Natalinib, B. Piccolib
aDepartment of Information Engineering and Applied Mathematics of the University of Salerno, via Ponte don Melillo, 84084 Fisciano (SA), Italy
bIstituto per le Applicazioni del Calcolo “M. Picone”, Viale del Policlinico 137, 00161 Roma, Italy
Received 20 July 2005; received in revised form 30 January 2006
Abstract
We introduce a simulation algorithm based on a ﬂuid-dynamic model for trafﬁc ﬂows on road networks, which are considered as
graphs composed by arcs that meet at some junctions. The approximation of scalar conservation laws along arcs is made by three
velocities Kinetic schemes with suitable boundary conditions at junctions. Here we describe the algorithm and we give an example.
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1. Introduction
The comprehension of trafﬁc behaviour in urban context is the principal aim in the study of trafﬁc problems. This
analysis is mainly focused on the maximization of cars ﬂow, and the minimization of trafﬁc congestions, accidents and
pollution. In general, network models of transportation systems are assumed to be static, but these models do not allow
a correct simulation of heavily congested urban road networks. For this reason, trafﬁc engineers started to consider
some alternative models, often referred to as DTA (dynamic trafﬁc assignment) or within-day models, see the review
paper [2] and references therein. Within-day modelling is characterized by the reproduction of the trafﬁc ﬂow motion
on the network. However, the main problems are of two type: these models do not properly reproduce the backward
propagation of shocks and there is a difﬁculty of collecting experimental data.
On the other hand, microscopic models are sensitive to small perturbations and it can be difﬁcult to give a qualitative
description and visualization of phenomena on a macroscopic scale.
Here we deal with the ﬂuid-dynamic models proposed in [5,6], which are macroscopic models with some trafﬁc
regulation strategies (within-day models). In the 1950s James Lighthill and Gerald Whitham in [8], and independently
Richards in [10], proposed to apply ﬂuid-dynamics concepts to trafﬁc. In a single road, this non-linear model is based
on the conservation of cars:
t + xf () = 0, (1)
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where =(t, x) ∈ [0, max] is the density of cars, (t, x) ∈ R2 and f () is the ﬂux. Fluid-dynamicmodels can describe
macroscopic phenomena as shocks formation and propagation. Since they can develop discontinuities in a ﬁnite time
even starting from smooth initial data, a great consideration of analytical and numerical aspects is needed. Note that,
in all classical works on trafﬁc ﬂows, only a single road was taken into account. More recently, in [5,6], some models
have been proposed for trafﬁc ﬂow on road networks connected by junctions. Junctions play a key-role: problem is
underdetermined even imposing the conservation of cars. Thus we need to make some assumptions to ensure existence
and uniqueness.
The case where the number of incoming roads is greater than the number of outgoing ones, is not covered in general
by the analysis of [6]. In the case of two incoming and one outgoing roads a loss of uniqueness for the solutions
occurs, due to the fact that if not all cars can go through the junction then there should be a yielding rule between
incoming roads. Hence, we introduce a new parameter q ∈]0, 1[, the right of way (see [5]), which represents, among
cars passing through junctions, the percentage of cars coming from the ﬁrst road. The main contribution is represented
by the introduction of suitable boundary conditions at junctions for numerical schemes [3]. In particular, using kinetic
approximation methods adapted the considered problem we get quite stable solutions. Some numerical experiments
show the effectiveness of our approximation.
2. Backgrounds
The conservation of cars is described by the equation [8,10]
t + xf () = 0, (2)
where =(t, x) is the density of cars, with  ∈ [0, max], (t, x) ∈ R2 and max is the maximum density of cars on the
road; f () Is The ﬂux, which can be written f () = v(), with v the average velocity, typically a smooth decreasing
function of . For Eq. (2) on R there exists a unique weak entropy solution for every initial data in L∞.
A road network is a ﬁnite number of roads modelled by intervals [ai, bi] that meet at some junctions. We give
boundary data and solve associated boundary problems for the endpoints (not inﬁnite) that do not meet at any junction.
System at a junction is underdetermined even imposing the conservation of cars, expressed by the Rankine–Hugoniot
condition:
n∑
i=1
f (i (t, bi)) =
n+m∑
j=n+1
f (j (t, aj )),
where i , i = 1, . . . , n, and j , j = n + 1, . . . , n + m, are the car densities, respectively, on incoming and outgoing
roads. To uniquely solve Riemann problems at junctions we make the following assumptions:
(A) there are some ﬁxed coefﬁcients, the prescribed preferences of drivers, expressing the distribution of trafﬁc from
incoming to outgoing roads;
(B) respecting (A), drivers behave in order to maximize the ﬂux through junctions.
To deal with rule (A) we ﬁx a matrix, called trafﬁc distribution matrix:
A = {ji}j=n+1,...,n+m,i=1,...,n∈Rm×n with 0< ji < 1,
n+m∑
j=n+1
ji = 1
for i = 1, . . . , n and j = n + 1, . . . , n + m, where ji is the percentage of drivers arriving from the ith incoming road
that take the jth outgoing road.
In [6] it was proved existence of each solution to Cauchy problems respecting rules (A) and (B). In the case m<n it
is necessary to introduce a further rule, see [5]. In particular, when m = 1, n = 2 we ﬁx a new right of way parameter
q ∈]0, 1[ and assign the rule:
(C) not all cars can enter the outgoing road and C is the quantity that can do it. Then qC cars come from ﬁrst incoming
road and (1 − q)C cars from the second.
The rule (C) allows us to uniquely solve Riemann problems.
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Assuming that the ﬂux is a smooth, strictly concave function there exists a unique admissible solutions for the
Riemann problem at a junction, see [6]. Now we describe the construction of solutions (see [6]). We use initial data at
the endpoints to determine new states at junctions in such a way that the waves emerge out of junctions. Thus we get sets
ofmaximization region andwe can compute themaximum incomingﬂuxes ˆi for i ∈ {1, . . . , n} satisfying rule (B).Then
the corresponding densities ˆi ∈ [0, 1] are derived. Recalling rule (A) we obtain ˆj .=
∑n
i=1ji ˆi , j=n+1, . . . , n+m,
and determine ˆj ∈ [0, 1]. Since (ˆ1, . . . , ˆn) ∈ , ˆj exists and is unique for every j ∈ {n + 1, . . . , n + m}. The
weak solution on each road is given by the solution to Riemann problem with data (i0, ˆi ) for incoming roads and
(ˆj , j0) for outgoing roads. The solution can be, respectively, a shock or a rarefaction. As the speed of propagation
is ﬁnite, following [6] we can build a sequence of solutions to Cauchy problems via a wave front tracking algorithm.
Admissible solutions are obtained solving (i0, ˆi ) by waves with negative speed and (ˆj , j0) by waves with positive
speed.
3. Numerical approximation
For deﬁnitiveness, we choose the following ﬂux function, due to Greenshields (see [7])
f () = vmax
(
1 − 
max
)
. (3)
Without loss of generality, we can set for simplicity max = 1= vmax, so that f ()=(1−), with a unique maximum
= 12 .We deﬁne a numerical grid inRN ×(0, T )wherex is the space step,t the time step and (xm, tn)=(mx, nt)
grid points, m ∈ Z, n ∈ N.
3.1. Kinetic method for a boundary value problem [1]
Consider the initial-boundary value conservation equations
t + F()x = 0, (4)
(x, 0) = 0(x), x0, (5)
(0, t) = b(t), t0. (6)
We have (x, t) ∈ R for x0, t0, and F is a Lipschitz continuous function. A kinetic approximation of the problem
(4) is obtained solving the following BGK-like system of N non-linear equations
t f
ε
k + kxf εk =
1
ε
(Mk(
ε) − f εk ), (7)
where k are ﬁxed velocities (a set of real numbers not all zero),  is a positive parameter, and each f k is a function of
R+ × [0, T ] with values in R. We impose the corresponding initial and boundary data:
f k (x, 0) = Mk(0(x)), x ∈ R+, f k (0, t) = Mk(b(t)), ∀k > 0, t0. (8)
Functions Mk , k = 1, . . . , N , are the Maxwellian functions depending on uε, F and i . To have the convergence of
ε =∑Nk=1 f εk when ε → 0 towards the solution of the problem (4), we need to impose the following compatibility
conditions:
N∑
k=1
Mk() = ,
N∑
k=1
kMk() = F(), (9)
showing the link between problem (4) and system (7). A sufﬁcient condition for convergence is that M is monotone
non-decreasing on I , [9]. Then the following subcharacteristic condition is satisﬁed for all  ∈ I :
min
k
kF ′() max
k
k . (10)
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3.1.1. Kinetic approximations [9]
3.1.1.1. Three velocities model. Dealing with more velocities corresponds to more accurate approximation schemes.
Take N =3 and the velocities 3 =−1 => 0, 2 =0. The approximated kinetic system has the Maxwellian functions
given by
M1() = 1

{0 if  12 ,
( − 1) + 14 if  12 ,
, M3() = 1

{
(1 − ) if  12 ,
1
4 if 
1
2 ,
M2() =
{(1 − 1)  + 12 if  12 ,(
1 + 1
)
 − 12 − 12 if  12 .
At the boundary we impose f3(0, t) = M3(b(t)) and assume that the Maxwellian functions are MND.
3.1.2. Numerical scheme
Following [1] we obtain a numerical scheme for the initial boundary value problem (4)–(6). As usual, we discretize
data of the problem by a piecewise constant approximation and we take for k = 1, 2, 3
f n−1,k = Mk(nb), 0nM − 1, f 0m,k = Mk(0m), m ∈ N. (11)
The scheme written in the Harten formulation including both ﬁrst and second order in space approximation reads
m0,
{
f
n+1/2
m,k = f nm,k(1 − Dnm−1/2,k) + Dnm−1/2,kf nm−1,k if k > 0,
f
n+1/2
m,k = f nm,k(1 − Dnm+1/2,k) + Dnm+1/2,kf nm+1,k, if k0,
(12)
where the expression of functions Dnm,k determine a scheme, respectively, of ﬁrst or second order
Dnm+1/2,k = 	k = |k|
t
x
, Dnm+1/2,k = 	k
(
1 + sgn(k)x (1 − 	k)2
(
nm+1,k − 
nm,k)
f nm+1/2,k
)
,
and 
nm,k represent limited slopes

nm,k = minmod
(
f nm+1/2,k
x
,
f nm−1/2,k
x
)
,
with f nm+1/2,k = f nm+1,k − f nm,k and minmod(a, b) = min(|a|, |b|)sgn(a) + sgn(b)/2. If f nm+1/2,k = 0, we set
Dnm+1/2,k =	k . It is necessary to assign the boundary value f nb,k =f n−1,k only for positive velocities. Note that if k > 0,
Dnm+1/2,k is deﬁned for m − 1, in the other cases is available for m0. For the convergence results see [1]. The time
step restriction for both cases is
max
1kN
|k|tx. (13)
Under the compatibility conditions (9)weﬁnd the exact solution of the systemand the identity holdsn+1m =
∑
kf
n+1/2
m,k =
n+1/2m .
3.2. Boundary conditions and conditions at junctions
3.2.1. Boundary conditions
For m = 0 we take for the boundary 
n−1,k = 0. In this case, the slope 
n0,k can be deﬁned as

n0,k = minmod
(
f n1,k − f n0,k
x
, 2
f n0,k − Mk(nb)
x
)
, k > 0, 
n0,k =
f n1,k − f n0,k
x
, k < 0.
When m=N the scheme for k < 0 requires the values f nN+1,k, f nN+2,k , that can be obtained, for instance, by imposing
a Neumann condition.
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3.2.2. Conditions at a junction
At the right boundary (m = N) of roads linked to the junction on the right, we need f nN+1,k = Mk(f −1(ˆi )) for
k < 0. Moreover we use the Neumann condition f nN+2,k =f nN+1,k for roads not linked on the right.At the left boundary
(m= 0) of roads linked on the left endpoint, if k > 0 we need the value f n−1,k =Mk(f −1(ˆj )). Note that ˆi , ˆj are the
maximized incoming and outgoing ﬂuxes described in Section 2, where densities are recovered respecting the claim
that waves emerge out of junctions. For instance, for incoming roads, i = 1, 2, we have:
• if nN ∈ [0, ] and ˆi <F(nN) then F−1(ˆi ) ∈ [(nN), 1),
• if nN ∈ [0, ] and ˆi = F(nN) then F−1(ˆi ) = nN ,
• if nN ∈ [, 1] then F−1(ˆi ) ∈ [, 1].
4. Tests
Here we present some numerical tests performed by the three-velocities Kinetic schemes of ﬁrst (3VK1) and second
(3VK2) order with 3 = −1 = 1.0 and 2 = 0. We introduce the formal numerical order  of a numerical method as
an average in the following way:
 = 1
S
S∑
s=1
s with s = log2
(
es(1)
es(2)
)
, s = 1, . . . , S (14)
and s the index of roads composing the network. The L1-error on each road is
es(p) = x
p
∑
l=0,...,pL
∣∣∣∣wpMl
(
x
p
)
− wpM2l
(
x
2p
)∣∣∣∣ , p = 1, 2, s = 1, . . . , S, (15)
where wMm (x) denotes the numerical solution obtained with the space step discretization equal to x, computed in
xm at the ﬁnal time tM = T .
4.1. Two incoming-two outgoing roads
Let us ﬁx the trafﬁc distribution matrix
A =
(0.4 0.3
0.6 0.7
)
(16)
and consider constant initial and boundary data
1(0, x) = 4(0, x) = , 2(0, x) = 3(0, x) = f −1
(
1
1 − 2 f ()
)
∼ 0.83,
1,b(0, t) = , 2,b(0, t) = f −1
(
1
1 − 2 f ()
)
. (17)
Then we introduce a perturbation on road 1, setting initial datum as follows:
1(0, x) =
{
 if 0x0.5,
0.4 if x0.5.
(18)
Initial and boundary data on other roads are taken as in (17). After a certain time (t ∼ 8) the wave (1, 1,0) interacts
with the junction thus determining a shock wave travelling on road 3.At time T =470 a new equilibrium conﬁguration
is reached. In Figs. 1 and 2 we describe the evolution in time of road 1 and road 3, where numerical solutions are
produced by the 3VK2 scheme. For further details see [3].
In the following Tables 1 and 2 are reported orders and L1-errors, deﬁned by (14) and (15), of 3VK1 and 3VK2
schemes, respectively, before and after interactions at the junction.Herewe used 3VK2 schemewith boundary condition
n0,k = 0 for k < 0.
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Fig. 1. Situation after the interaction, T = 25, h = 0.025.
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Fig. 2. Final conﬁguration, T = 470, h = 0.025.
Table 1
Convergence order  and errors of 3-velocities kinetic schemes of ﬁrst (3VK1) and second (3VK2) order, for T = 1
h 3VK1 3VK2
 L1-error  L1-error
0.2 1.4 6.00949e − 003 1.9 6.72896e − 003
0.1 0.88 2.27511e − 003 0.94 1.82122e − 003
0.05 0.93 1.23605e − 003 0.98 9.49608e − 004
0.025 0.98 6.48354e − 004 0.99 4.81271e − 004
0.0125 0.99 3.29293e − 004 0.99 2.41161e − 004
0.00625 1.0 1.65002e − 004 1.0 1.20602e − 004
Table 2
L1-errors of 3-velocities kinetic schemes of ﬁrst (3VK1) and second (3VK2) order in comparison with the exact solution at time T = 20
h 3VK1 3VK2
L1-error L1-error
0.2 5.58553e − 002 5.53875e − 002
0.1 2.24683e − 002 2.07874e − 002
0.05 9.74289e − 003 6.93735e − 003
0.025 5.76965e − 003 5.41827e − 003
0.0125 8.02476e − 003 8.04770e − 003
0.00625 5.62481e − 003 5.63628e − 003
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5. Conclusions
An elaboration and an implementation of a numerical algorithm provided approximated solutions to the presented
problem (for animations see [4]). Since along roads the approximation works as for conservation laws, the new and
original aspect is the treatment of the solution at junctions.
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